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STOP RULE INEQUALITIES FOR UNIFORMLY BOUNDED
SEQUENCES OF RANDOM VARIABLES
BY
THEODORE P. HILL AND ROBERT P. KERTZ

ABSTRACT. If X, X,,... is an arbitrarily-dependent sequence of random variables
taking values in [0, 1] and if V(X,.X),...) is the supremum, over stop rules 7, of
EX,, then the set of ordered pairs {(x,y): x = V(X,, X...., X,) and y =
E(max <, X;) for some X,...., X, } is precisely the set

G = {(xy)xsy=x(l+a(=x/"))0=<x<1};

and the set of ordered pairs {(x,y): x = V(X,. X,....) and y = E(sup, X,,) for
some X, X),...} is precisely the set

o
c=Ug,.
n=1

As a special case, if Xy, X),... is a martingale with EX;, = x, then E(max <, X) <
x + nx(1 — x'/"y and E(sup, X,) < x — xIn x, and both inequalities are sharp.

1. Introduction. The subject of this paper is comparisons between the expected
supremum of a uniformly bounded process and the optimal expected return (using
stop rules) of the process.

Let X;, X|,... be random variables (on some common probability space (2, @, P))
taking values in [0, 1] and let V( X, X|,...) denote the value (supremum, over stop
rules 7, of EX,) of the process X, X|,... (for a formal definition, see §2).

The first main result of this paper (Theorem 3.2) gives a complete description of
the possible values of the ordered pairs (V(X,...,X,), E(max,_,X;)) for all
processes uniformly bounded in [0, 1], and the second main result (Theorem 4.2)
gives the corresponding result for infinite sequences.

Comparisons of the value V(X,, X|,...) and E(sup, X,) have been called “pro-
phet” problems because of the natural identification of E(sup, X, ) with the optimal
expected return of a prophet or player endowed with complete foresight. Such
comparisons for sequences of independent random variables have been given by
Krengel and Sucheston [12, 13], Garling, and Dvoretzky (both in [13]), and Hill and
Kertz [8-10]. Extending these results, Hill [7] has shown that

(1) the set of ordered pairs {(x, y): x = V(X,, X|,...) and y = E(sup, X,,) for
some sequence of independent random variables X, X|,... taking values in [0, 1]} is
precisely the set {(x, y): x <y <2x —x%;0<x<1}.
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For other types of processes, few results on such comparisons have been available
in the literature. A notable exception is the collection of averages of nonnegative
independent random variables and generalizations of this collection investigated by
Krengel and Sucheston [13] and Brunel and Krengel [3]. The main results of the
present paper give a complete solution of the comparison of value and expected
supremum for the collections of uniformly bounded processes, of uniformly bounded
Markov processes, and of uniformly bounded martingales.

These results generalize inequalities (e.g. [6, §4]) for uniformly bounded
martingales: if X;, X),... is any martingale taking values in [0, 1], then E(max ., X)
< x + nx(1 — x'/") and E(sup, X,) < x — xIn x, where x = EX,, (Corollaries 3.4
and 4.3).

The paper is organized as follows. §2 recalls definitions and background results on
the value of a process from classical optimal stopping theory, and presents two
propositions which allow reduction from general uniformly bounded sequences to
special types of martingales. §§3 and 4 develop the main results on comparison of
value and expected supremum for uniformly bounded sequences of finite and of
infinite lengths, respectively. In §5 an application of these results is made to
determine the advantage of order selection for a gambler in optimal stopping
problems.

2. Preliminaries. Throughout this paper the assumption is made that all random
variables take values in [0,1]. For the extension of the main results to general
uniformly bounded sequences, see the Remarks at the end of §§3 and 4.

For subsets 4 of ©, I, denotes the indicator function of 4. For random variables
Xand Y, XV Y and X N Y denote the maximum and minimum, respectively, of X
and Y. EX is the expectation of X; E(X|Y) is the conditional expectation of X
given Y; and 9, = o(X,,...,X,) is the sigma-field generated by X,...,X,. The
essential supremum of a collection of random variables {X,: s € S} is a random
variable Y (written Y = esssup{ X;: s € S}) satisfying (i) P(Y = X,) = | for every
s € S, and (ii) if Y’ is any random variable such that P(Y' = X,) = 1 for every
s €S, then P(Y' = Y) = 1. From Theorem 1.5 of [4], esssup{X,: s € S} always
exists, and if X, is measurable with respect to the same o-algebra ¥ for each s € S,
then ess sup{ X,: x € S} may also be taken to be ¥-measurable.

We now recall several definitions and results from classical optimal stopping
theory; as a reference see Chapters 3 and 4 of [4].

Given the ordered collection of random variables X, X),..., let T denote the set
of (a.e.) finite stop rules for X, X,..., andlet T, = {t € T: t = m}.

DErFINITION 2.1. The value V(X,, X,,...) of X,, X|,... is V(X,, X,...) =
sup{EX,;: t € T}, and V(X,,...,X,) =sup{EX,: t €T, t <n}. The conditional
value of X, X,.y,... given Xo,....X;, V(X,, X,.p,-..|%), is given by
V(X Xppi1s---|F) = esssup{E(X,|F): t € T}, and V(X,,, X, 11, X, | ) =
esssup{E(X,|¥): t € T,,, t <nj}.

The following two standard results relating these concepts will be useful:

(2) V(Xm-H’ Xm+2""|gm) = E(V(Xm-H’ Xm+2"“|6‘fm+l)|gm)
a.e. forallm=0
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and

(3) VX, Xi1--1F,) =X,V V(Xpits Xpias---|F,) ae. forallm=0.

m
The first proposition allows a reduction to martingales from arbitrarily-dependent

sequences of random variables for the purpose of determining how much larger than
the value the expected supremum of a process can be.

PROPOSITION 2.2. Given random variables X, X|,. .., there exists a martingale X R
X,,... for which V(X,, X,,...) = V(X,, X,,...) and E(sup, X,) < E(sup, X,).

The proof of Proposition 2.2 is based on three lemmas. The assumption that all
random variables take values in [0, 1] is used for the first time in Lemma 2.4 for
purposes other than as a guarantee of integrability of random variables.

LEMMA 2.3. Given X, X|,... and m = 0, define
Xr,n = Xm 4 V(Xm+l’ ‘Xm+2""|(‘;jT )

m

Then X,,...,X,,_\, X, X,s1s-- . Satisfies
DX, =WX, 0 Xpioseo | Xoso o X1y X)) acess

(i) ( Xy, Xpoo) = V(Xpe o Xpo s Xy X112 .); and

(iii) E(sup, X,) < E(X,\V --- VX, VX,V X, V).

Proor. For (iii), notice that X, = X ; (i) and (ii) follow routinely from standard
arguments using (2) and (3). O

LEMMA 2.4. Given X,, X,,... and m = 0, define B = B,( Xy, Xi,...,X,,) by
'B [ X - V(Xm+|’ | ))/(1 - V(Xm+,,...|§f ))]'I(X >V Xps 1 |Fm))

if V(Xpi15---19,) <1, and = 0 otherwise, and for k =m + 1, define X, =B+
(1 = B)X,. Then X,,..., X, X i1» X s, satisfies

OWVX, i1 Xins--|F,) = X, a.e.on (X = V(Xpi1s Xpias- JF D)

i) "(X,, X),...) = V(XO, e X Xm+l7 Xm+2, .); and

(iii) EGsup, X,) < E(X,V -~ VX, VX, VX, V)

ProoF. Conclusion (iii) follows since 0 < 8 < 1 implies X, = X, for all k > m; (i)
and (ii) follow routinely using (2) and (3), and noting that

B+ (1= BWV(Xpirs--15,) = X,
ae.on{X,=V(X,,p, %)) = (X, = VX, |5} O

LEMMA 2.5. Given random variables X, X, ..., the following are equivalent:
(i) Xy, X,... is a martingale;

(i) EX, = EX, = V(X,, X,,...) forallt € T; and

(i) X,, = (X, 1> X,i125---1F,) a.e. for all m = 0.

PrOOF. The equivalence of (i) and (ii) is well known (see, for example, [13, p.
200]). The equivalence of (i) and (iii) follows routinely from (2) and (3) (using
regular conditional distributions, if necessary, as in §4.3 of [2]). U
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PROOF OF PROPOSITION 2.2. Given random variables X, X,,..., apply Lemmas
2.3 and 2.4 foreachm = 0, 1, 2,... to obtain random variables )20, X I»- - - satisfying:
X, = V(Xi1, Xevnoo - | X .., X,) ae. for all k=0; V(X X,,...) =
V(X,, X,,...); and E(sup, X,) < E(sup, X,). By Lemma 2.5, X,, X,,... is a
martingale. 0O

REMARK. It will be seen from Theorem 4.2 and Proposition 4.5 that the inequality
in Proposition 2.2 can even be taken to be strict.

The next proposition allows a reduction to martingales of a particularly simple
form for the purpose of determining how much larger than EX|, the expected
supremum of a martingale can be.

PROPOSITION 2.6. Given any martingale X,, X,,...,X, there is a martingale X,
=Xy, X|,..., X,withP(X,,, = X,) + P(X,,, =0)=1forallm=0,1,...,n — 1,
and satisfying E(max ., X)) = E(max,, X)).

PROOF. First replace X, X,..., X, by X;,..., X;, where X/ = X, forj <n, and X,
satisfies P(X, = 1) = X,_, = 1 — P(X, = 0); note that X{,...,X] is a martingale
with E(max ., X]) = E(max,., X;). Let X = X] for all j > n, let

t;, =min{k = 1: X; = 0or X;, = X{},

and define X, = Xj and X, = X;. Similarly define X,,..., X, (e.g. X, = X, where
1, = min{k >1;: X; = 0 or X; = X] }). The process X,,...,X, is a martingale (since
1,< oo ae. for all j) with P(X,,,, = X,,) + P(X,,,, =0) =1, forallm=0,....n
— 1, and satisfying E(max ., X;) = E(max,., X/). O

3. Prophet inequalities for finite sequences. In this section are given the main
result (Theorem 3.2) and resulting inequalities for finite sequences of random
variables taking values in [0, 1]. Fixn = 1.

DEFINITION 3.1. C, denotes the closed, convex set in R? given by

G, ={(x,y):x<y<x(1+n(1-x""));0<x<1}.
(Note that C, is the set appearing in (1).)

THEOREM 3.2. The set of ordered pairs {(x, y): x = V(Xy,...,X,) and y =
E(maxj<,, Xj)for some X,,...,X,} is precisely the set C,.

ProOF. (For alternative proofs of the martingale claims in the following argument
the reader may refer to [6].) First it will be shown that {(x, y): x = V(X,,...,X,)
and y = E(max;., X,) for some X,,...,X,} is a subset of C,. Fix any process
Xp, - - -, X, taking values in [0, 1], and notice that by Propositions 2.2 (letting X; = X,
for all j > n) and 2.6 it suffices to show

@) if X,,...,X, is a martingale with P(X,,,, = X,) + P(X,,., = 0) =1 for all
m =0,...,n — 1, then E(max,., X;) < EXy(1 + n(1 — (EXy)'/™)).

By Jensen’s inequality, (4) will follow once it is shown that

(5) if (Xy, 9y)s--.,(X,, S) is a martingale with P(X, ., = X, ) + P(X, ., =0)
=1forallm=0,...,k — 1, then E(X, V --- VX, |8,) < X, + kXy(1 — X3/%) ae.

The proof of (5) will be by induction on k. First note that, by the martingale
property, X; = 0 a.e. on { X, = 0} for allj = 1,...,n, so it remains only to show (5)
holds a.e. on { X; > 0}.
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For k = 1, check that
E(X,V X,18) = E( XL ix,=0) + XiLix,2x0)1S0)
=Xt E((Xl - XO)I(X0<X|) | Qo)
<Xt E((l - XO)XI |go) =X+ (1 - XO)E(XI |go)
=X, + X,(1 — X;) a.e.on{X,>0}.
Assume (5) is true for k = m, and show it is true for k = m + 1 as follows: calculate
E(X,V - VXu|) = E(Xol(x.=0) + (X V- va+l)1(Xo<X.)|QO)
= X,P(X, = 0|go) + E(E(XI Ve VX, 1 Igl)l(x0<x,)|go)
< X,P(X,=0]§,) + E((Xl + le(l - X]'/'"))I(XO<X‘)|QO)
=X+ E([(m + 1) = mX"/" ~(Xo/ X)L xye0 X1 160)
<Xy + E((m+ 1)(1 = X/ D)y oy X, 1G,)
= Xo+ (m+ 1D)(1 - X/ V)E(X,|§,)
=X, + (m+ 1) X(1 — X3/"*D) ae.on {X, >0},
where the first inequality follows from the induction hypothesis, and the second
inequality by maximizing the function f(x) = (m + 1) — mx"/™ — w/x for x > w
> 0. This establishes (5), and the “ C C,” part of the proof.
It remains to show that for each point (x, y) € C,, there is a process X,
Xy,...,X, taking values in [0,1] and satisfying x = V(X,,...,X,) and y =

E(max;, X;). This follows immediately from the following proposition, which

identifies a particularly simple and well-structured class of extremal processes for C,.
Od

PROPOSITION 3.3. For every point (x, y) € C,, there is a sequence of random
variables X,,,...,X,, each taking at most two values, which is both Markov and a
martingale, and which satisfies V( X,,...,X,) = x and E(max;c, X;) = y.

Proor. For (x, y) = (0,0) or (1,1), take X, = --- = X, = x a.e. Let (x, y) €
C\{(0,0), (1, 1)}, and define the process X;,. .., X, by X; = x and

P(X,=x=m/m|G: V=x"/"=1-P(X,=0|%._,) form=1,...,n.

Then Xj,...,X, is both Markov and a martingale (so V(Xg,...,X;) = x) and
satisfies E(max;, X;) = x(1 + n(1 — x'/*)). (This example essentially appears in
[6], and is included here for ease of reference.)

Now let a = (y — x)/(nx(1 — x'/")), and b = 1 — a, and define X,,...,X, by
X,, = aX, + bxform=20,...,n. Then X,,...,X, is again Markov and a martingale
with V(X,,...,X,) = x and E(max,_, X;) =y. O

The next three inequalities follow immediately from Theorem 3.2.
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COROLLARY 3.4 (DUBINS AND PITMAN [6)). Let X,,..., X, be a martingale taking
values in [0, 1]. Then
1/n
(6) E(r}l:')'(Xj)<EXO(l+n(1 — (EX,)'")).
COROLLARY. 3.5. Let X,,...,X, be any random variables taking values in [0, 1].
Then

(7) E(maxX,) < V(X,.....X,) + (n/ (n+1))""
j<n
and
(8) E(maxX,) < (n+1)V(Xy.....X,) if P(maxX;>0)>0.
Jj<n Jsn

The following two results are immediate consequences of Theorem 3.2 and
Proposition 3.3.

THEOREM 3.6. The set of ordered pairs {(x, y): x = EX, and y = E(max,, X;) for
some martingale X,,...,X,} is precisely the set C,.

THEOREM 3.7. The set of ordered pairs {(x, y): x = V(X,,...,X,) and y =
E(max;., X;) for some Markov process X,,...,X,} is precisely the set C,.

REMARKS. Inequalities (6) and (7) are attained: for (6), choose Xj,. .., X, as in the
proof of Proposition 3.3 (with y = x(1 + n(1 — x'/")); for (7), require further that
x = (n/(n + 1))"). By considering X{,...,X, with x sufficiently close to zero, (8)
can be seen to be sharp. The weak inequality version of (8) and the process
X(,..., X, of Proposition 3.3 have appeared on p. 514 of Blackwell and Dubins [1]
and in Proposition 1 of Hill and Kertz [8].

For the collection of random variables X, ..., X, taking values in [a, b], —c0 <a
< b < oo, the set of ordered pairs {(x, y): x = V(X,,...,X,) and y = E(max,, X))
for some X,,,. .., X,} is precisely the set

{(x,y):x<y<x+n(x—a)(l — ((x—a)/(b——a))l/");ansb}
(similarly for Markov processes and martingales taking values in [a, b]).
4. Prophet inequalities for infinite sequences. In this section the analogous results
for infinite sequences of random variables taking values in [0, 1] are developed.
DEFINITION 4.1. C denotes the convex set in R* given by C = {(x, y): x <y <x
—xlnx;0<x<1}U{(@0,0), (1,1)}. (In terms of the sets C, of Definition 3.1,
c=U7 .G

THEOREM 4.2. The set of ordered pairs {(x, y): x = V(X,, X},...) and y =
E(sup, X,) for some process X,, X,,...} is precisely the set C.

Proor. Since V(X,, X,...) = lim,_, V(X,,...,X,) and E(sup, X,) =
lim E(max ., X;), it follows immediately from Theorem 3.2 that

n—o0

9) Ccc {(x, y):x=V(Xy, X,,...)and y = E(suan) for some X, X,,...}

C{(x,y)ix<y<x-—xlnx;0<x<1} U {(0,0),(1,1)}.
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The remainder of the proof consists solely of showing that the inequality in
question is strict, that is, for every sequence X, X,,... with V(X;, X,,...) =x €
(0,1) and y = E(sup, X,,) it follows that y < x — x1In x.

Fix X;, X,,... with V(X,, X,...) =x € (O 1). The proof will be complete once it
is shown that there exists a sequence X,, X,,... with ¥( X,, X,,...) = x but with
E(sup, X,) > E(sup, X,).

First, notice that for every martingale X, X|,...,

(10) E(supX;) < E(X;)(1 — In EXg);
n
(11) E(supX;| X;) < Xj(1—1In X;) ae. on {X;>0};

and if X{ is not a.e. constant, then there is a § > 0 with
(12) E(sup X;) < E(X(1 — In X)) < EX;(1 — In EXp) = &,

where (10) follows from (9) since V( X{, X],...) = EXj, (11) follows from (10) (using
regular conditional distributions, if necessary, as in §4.3 of [2]), and (12) follows
from (11) and the strict convexity of the function f(x) = x — x1n x.

Now, it may be assumed (from Proposition (2.2)) that the given sequence X,
X,,... is a martingale, and even that X; = x (otherwise consider the sequence
X =x Xy Xp5-.).

Case 1. P(X,=x/a)=a=1—P(X,=0)forsome 0 <x<a<]l.

First it will be shown that

(13) E(suan)Sx(Z——lnx—a-i-lna).
n

To establish (13), let x;, = x/a, and calculate

E(supX,) =x 1~a)+fx E(X,V X,V | X,)dP
n 1=X)
<x(1—-a)+ X,(1 — In X,) dP
X, =x,

=x(1—a)+a(x;—x;Inx;)=x2-Inx —a+Ina),

where the inequality follows from (11) since X, Xj,... is a martingale.

Next, fix € > 0 with e < x(-1 — Ina + a)/2. Since In y — y increases to -1 as y
increases to 1, there exists @ € (a, 1) with
(14) Inéd —é&>lna—a+e/x.

From (9), for %X, = x/a, there exists a martmgale X1 =X, Xz, . satisfying
E(sup, X )= %1 — In %,) — e Define X,, X,,... by Xo =x; P(X,=%)=a=
1 — P(X, =0); and P(XJ—O|Xl =0 =1 —P(Xj Xj|X, =x,) ae. for j> 1.
The process X, Xj,... is a martingale satisfying

(15) E(sup)‘(n)>x(2—1nx—a+1na)—e,
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since

x(l—a)+fX E(X,VX,V---|X)adP
1=%

x(1—a&)+@&E(X,VX,V--)
>x(1—a)+a(% — %In% —¢)

=x2—-Inx—a&+Ina) —e,

E(sgp)f'n)

where the first inequality follows from the construction of X;, X,,... and the second
inequality follows because X, = x/adand 0 <a& < 1.
Now by (13), (14) and (15) we have

E(supX,,) <x(2-—Inx—a+Ina)
<x(2—lnx—&+ln&—e/x)<E(supX’,,),
n

and Case 1 is completed.

General case (Reduction to Case 1). By an argument similar to that in Proposition
2.6, it may be assumed that, for some a € (0, 1), P(X x) =a=1
—P( X, =0). It will be shown that there is a martingale X, =x, X,,... with
P(X =x/a)=a=1— P(Xl = 0) and satisfying E(sup, ,,) = E(sup, X,),
thereby reducing the general case to Case 1.

Assume X, is not constant a.e. on { X, = x}, otherwise Case 1 applies (except in
the degenerate case X| = x a.e., which is solved by deleting X, and considering X,
X5, X5,..0).

For some 6 > 0,

(16) E(supX,) = x(1 —a)+fX; E(X,V X,V | X,)dP
n 1=X
<x(1-a)+[ x(1-1InX)dP
X|=x

=x(1 —a) + a/X ;XX,(I —1n X,)d(P/a)

<x(1—a)+ a(x; — x;Inx, — §)

<x(l1—a)+a(x, —x,Inx,) — 8
where x, = a”!f x,=xX1 = x/a, and where the first inequality follows from (11), and
the second inequality from the strict concavity of the function x — x In x. From (9)
and Proposition 3.3 there is a martingale X, = x, X,,... with P(X, =x,) =a =1
— P(X, =0) and satisfying E(X, VX, V---|X, =x)=x, —x,Inx, —
(6/2a).Thus

E(supx)—x(l—a)+f E(X, VX,V | X, =x,)dP
X

1=X)

=x(1 —a)+ a(x; —x;Inx, — (§/2a)) = E( supX,,),
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where the second inequality follows from (16). This completes the reduction to Case
1, and the proof. O

COROLLARY 4.3 (CF. [6,p. 227)). Let X,, X,,... be a martingale taking values in
[0, 1] with O < EX, < 1. Then

(17) E(supX,) < EX,(1 - In EX,).

REMARK. Under the conditions of Corollary 4.3 with EX, = x, the weak expec-
tation inequality E(sup, X,) < x — xIn x can also be proved from the weak distrib-
utional inequality P(sup, X, = y) < x/y for y = x [5, p. 314] as follows:

n

E(supX,) Zj(;wP(supX" > ) d\ </0"'1d>\ + ['x/Adx=x - xInx.

COROLLARY 4.4. Let X,, X,,... be any random variables taking values in [0, 1].
Then
(18) E(supX,) < V(X X,....) + e,

PROOF. Note that y = x + e~' is tangent to the curve y = x — xInx at x = e ;
apply Theorem 4.2. [

PROPOSITION 4.5. For each (x, y) € C, there is a sequence of random variables X,
X,,..., each taking at most two values, which is both Markov and a martingale, and
which satisfies EX, = x and E(sup, X,) = y.

PROOF. Apply Proposition 3.3 and Theorem 4.2 O
The following two theorems follow immediately from Theorem 4.2 and Proposi-
tion 4.5.

THEOREM 4.6. The set of ordered pairs {(x, y): x = EX, and y = E(sup, X,,) for
some martingale X, X,,...} is precisely the set C.

THEOREM 4.7. The set of ordered pairs {(x, y): x = V(X,, X,,...) and y =
E(sup, X,) for some Markov process X,, X,,...)} is precisely the set C.

REMARKS. Inequalities (17) and (18) are sharp. To come arbitrarily close to
equality in (17), let x = EX; and y, = EX,(1 — EX,)) — € and choose the process X,
X,,... associated with the point (x, y,) € C as in Proposition 3.3; for (18) require
further that x = e~'.

For the collection of infinite sequences X, X, ... taking values in [a, b], -0 < a
< b < 0, the set of ordered pairs {(x, y): x = V(X,, X,,...) and y = E(sup, X,)
for some X, X,,...} is precisely the set

{(x,):x<y<x+(x—a)ln((x —a)/(b—a));a<x<b}
U {(a, a), (b,b)}.

5. Applications to order selection in optimal stopping problems. In this section the
results of the two previous sections are used to solve a nonprophet problem, in this
case to determine the advantage a player may obtain by rearranging the order of
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observation of a given sequence. Recall that the assumption that all random
variables take values in [0, 1] is still in effect. Fix n = 1.

Let ¥ denote the permutations of {0,1,...,n}, and & the permutations of
{0,1,2,...}. v

DEFINITION 5.1. For any sequence of random variables X,, X,. ...,

U({ Xy, X,,....X,}) = max{V( X, - Xp(n)): 7 €D, }, and
U({ Xy, X,....}) = sup{ V( X,0)» Xprys--.): 7 E D},

U({ X,, X,,...}) represents the optimal expected gain of a player free to select
(deterministically) the order of observation of the collection of random variables
{ Xy, X,,...}, and free to stop whenever he pleases. As is shown in Theorem 3.11 of
[7], UK X,, X,,...}) even equals W({X,, X,,...}), the optimal expected gain of a
player free to select the order of observation randomly (as a function of past
observations only).

The main results of this section, Theorem 5.2 and 5.3, give complete solutions to
the question of the advantage a player may obtain by rearranging the order of
observations of given uniformly bounded finite, and infinite, sequences of random
variables. Recall C, and C in Definitions 3.1 and 4.1.

THEOREM 5.2. The set of ordered pairs {(x,y): x = V(X,,...,X,) and y =
U({ X,,-...X,)}) for some process X,, X,,...,X,} is precisely the set C,.

THEOREM 5.3. The set of ordered pairs {(x,y): x= V(X,, X,,...) and y =
U({X,, X,,...}) for some process X, X,,...} is precisely the set C.

PrROOFS OF THEOREMS 5.2 AND 5.3. For Theorem 5.2, first notice that
(X, X,.... X)) < U{ Xy, Xy5....X,}) < E(maxjg,, Xj). Next, it is shown that the
random variables X,, = aX,, + bx, m = 0,...,n, of Proposition 3.3 satisfy
(X, X,—1s-- -, X1, Xo) = U({ Xo,- -, X,}) = E(max,, X;). The random variables

X' ,m=0,...,n, of Proposition 3.3 satisfy

m?

x+ (n=Dx(1 = x'/") = E( max X;) = U({ X;..... X,})
Jj<n

> V(X,, X,

s XL X)) = E(X,_)=x+ (n—1)x(1 —x"/"),
where ¢ is the stop rule for X;,_,j = 0,...,n, given by ¢ = min{: X,_; # 0}. Thus,
(X, .., Xp) = aV(X,,...,X5) + bx = aE(max ., X)) + bx = E(max;, X)), and
(X,,....Xy) = U{Xp,--.,X,}) = E(max,, X;). This concludes the proof of The-
orem 5.2; the proof of Theorem 5.3 is similar. O

The analogs of the corollaries and theorems for Markov sequences and martingales
found at the ends of §§3 and 4 also follow easily, as do the corresponding results for

random variables taking values in [a, b]. The analog of (18), for example, is
(19) U({ Xy, Xp5---}) < V( Xy, Xy,...) e

A probabilistic interpretation of (19) is that a player should never pay more than
e~ for the privilege of rearranging the order of observations of a given sequence of
random variables (taking values in [0; 1]).
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Another similar application of prophet inequalities to a nonprophet problem, that
)f determination of the advantage of using nonmeasurable stop rules (see [11]), is
also possible.
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